Otimizacao Nao-Linear na Linguagem Julia

Abel Soares Siqueira

Universidade Federal do Parana, Curitiba




julia

Julia é uma linguagem de programacao rdpida e eficiente

e Julia tem sintaxe parecida com o do MatLab e do Python, mas com performance
muito superior;

e Julia permite a escrita técnica de alto-desempenho em uma unica linguagem.

e Julia é uma linguagem nova, e ndo esta na versao estavel ainda (previsao do 1.0:
2018s1).

e Juliajaesta sendo adotada em cursos em todo o mundo.



In [3]:

Out[3]:

In [4]:

Out[4]:

Caddigo tradicional

A = rand(lO, 10)
L, U, = Lu(A)
b =A * ones(10)
x =UN\ (L \ b[P])
norm(x - ones(10))

1.6954090725836824e-14

Cadigo eficiente

rand (10, 10)

A * ones(10)

lufact(A) # Usa o LAPACK
F\Db
m(x - ones(10))

S5 X Mo >

o

S

4.951395542680039e-15



Otimizacao Linear

min c¢ x

sa Ax =150
xz > 0.



In [5]: #=

min -4x1 - 3Xx:2
s.a X1+ xz22z21
X1 + 2x2 = 10
4x1 + X2 = 12
X1, X2 2 0
=#
contour(linspace(-0.5, 3.5, 100), linspace(-0.5, 5.5, 100), (x,y)->-4x-3y, leve
1s=10)
plot!([0; 1; 3; 2; 0; 0],
[1; 0; O; 4; 5; 1], c=:blue, lw=2, lab="Conjunto factivel")
xlims!(-0.5, 3.5)
ylims!(-0.5, 5.5)
Out [5] . . —0
— Conjunto factl'vel]
- —4
—+ —8
— —12
—+ —16
—+ —20
—+ —24




In [6]: function simplex(A, b, c; Ib = Int[], x = zeros(0))
m, n = size(A)
if length(Ib) ==
Atil = [A spdiagm(sign.(b), 0)]
x, z, Ib, ef = simplex(Atil, b, [zeros(n); ones(m)],
Ib=collect(n+1l:n+m), x=[zeros(n); sign.(b).*b])
X = x[1:n]
if z>0
return x, z, Ib[Ib .<= m], :infeasible
end

In = setdiff(1l:n, Ib)

F = Llufact(A[:,Ib])
A=F" \ c[Ib]

sn = c[In] - A[:,In]" * A
ef = :optimal

while any(sn .< 0)
g = indmin(sn)
d=F\ full(A[:,In[q]])
if all(d .<= 0)
ef = :unbounded
break
end
p = indmin(d[i] > 0 ? x[Ib[i]] / d[i] : Inf for i = 1:m)
xq = x[Ib[p]] / dlpl
@views x[Ib] -= xq * d
x[In[ql]l = xq
Ib[pl, In[q] = In[q], Ib[p]

F = Llufact(A[:,Ib])

A=F" \ cl[Ib]

sn = c[In] - A[:,In]"'" * A
end

return x, dot(x, c), Ib, ef
end

Out[6]: simplex (generic function with 1 method)



In [7]: A=1[11-100;
12 010;
41 00 1]
b=1[1; 10; 12]
c=1[-4;, -3; 0; 0; 0]

x, z, Ib, ef = simplex(A, b, c)

out[7]: ([2.0, 4.0, 5.0, 0.0, 0.0], -20.0, [1, 2, 3], :optimal)



Otimizacao Nao-Linear

Irrestrita

Exemplo:
f(x) = (1 —2z1)* + 100(zy — 22)*.



In [8]: ## Otimizacdo Ndo Linear
contour(linspace(-1.5, 1.5, 400), linspace(-0.5, 1.5, 400), (x,y)->(1-x)"2 + 10
0*(y-x"2)"2, levels=[0.1:5.0:500])
scatter!([1.0], [1.0], c=:red, leg=false)

OQut[8]:

450.1
400.1
350.1
300.1
250.1
200.1
150.1
100.1

50.1

0.1



Dado x;,, aproximamos f em torno de x;, pelo modelo quadratico

mi(d) = F(zx) + V F(z)7d + %dTV2 F(zp)d.

O minimo de my,, se V? f(x},) for definida positiva, sera d que satisfaz o sistema

V2 f(zr)d = =V f(z).



Método de Newton

Tpr1 = Ty + dg.

In [9]: function newton(f, Vf, H, x; tol = le-6, max _iter = 10 000)

iter = 0

while ! (norm(Vf(x))
d = -H(x) \ Vf(
X +=d
iter +=1

end

return x, f(x), iter

<= tol || iter > max_iter)
X)

end

Out[9]: newton (generic function with 1 method)

In [10]: f(x) = (1 - x[1])"2 + 100*(x[2] - x[1]72)"2
VI(x) = [2x[1] - 2 - 400*x[1]1*(x[2] - x[1]172);
200*%(x[2] - x[1172)]
H(x) = [2 - 400*x[2] + 1200*x[1]"2 -400*x[1];
-400*x[1] 200]
newton(f, Vf, H, [-1.2; 1.0])

out[10]: ([1.0, 1.0], 3.4326461875363225e-20, 6)



Passos da pesquisa em desenvolvimento de algoritmos

e |deia;

Protétipo;

Teoria;

Implementacao melhor;

Testes computacionais em um conjunto de testes conhecidos.

Julia tem a velocidade e facilidade para que a prototipacao e aimplementacao eficientes
nao sejam tao longe uma da outra.

Basta agora ferramentas de programacao nao-linear em Julia.



Pacotes de otimizacao em Julia

e JuMP: Linguagem de modelagem matematica. Permite a descricao de um
problema de uma maneira matematica;

e Optim: Pacote de otimizacao para o usuario final.

e Clp, Cbc, Ipopt, Gurobi, CPLEX, etc.: solvers em outras linguagens para serem
usados em conjunto com o JuMP.



JuliaSmoothOptimizers

e Abel Soares Siqueira
e Dominique Orban
e Jean-Pierre Dussalt



[ OptimizationProblems « JuMP F--+  MathProgBase :' ->

MathProgNLPModel

A..--"'"f-
[ Optimize ]( AbstractNLPModel J,‘ ADNLPModel

| SlackNLPModel J LBFGSModel }\ SimpleNLPModel

LinearOperators \ CUTEstModel
AmplModel

Krylov BenchmarkProfiles

e Paraodesenvolvedor de softwares de otimizacao;

e Qusuariocriaseu algortimo para um tipo AbstractNLPModel;

e O cddigo funciona para prototipacao, exemplos prontos, testes por JuUMP, e para
testes de larga escala com o CUTEst;

e LinearOperators generalizam matrizes, para uso em algoritmos sem fatoracao;

e Krylovimplementa varios métodos de Krylov, em particular Gradientes
Conjugados e Steihaug;

e BenchmarkProfiles contém o tradicional perfil de desempenho.

e Optimize contém funcdes auxiliares para desenvolvimento de algoritmos e
alguns algoritmos prontos.



In [11]: ## Cédigo usando NLPModels
using NLPModels
function newton(nlp::AbstractNLPModel; tol = le-6, max iter = 10 000)
X = nlp.meta.x0
Vf(x) = grad(nlp, x)

iter = 0
while !(norm(Vf(x)) <= tol || iter > max iter)
Hx = Symmetric(hess(nlp, x), :L)
F = cholfact (Hx)
d = -Hx \ Vf(x)
X +=d
iter +=1
end
return x, obj(nlp, x), iter

end

Oout[11]: newton (generic function with 2 methods)



In [12]: wusing NLPModels, JuMP
model = Model()
@variable(model, x[1:2])
setvalue(x, [-1.2; 1.0])
@NLobjective(model, Min, (1 - x[1])72 + 100 * (x[2] - x[1]72)"2)

nlp = MathProgNLPModel (model)
newton(nlp)

out[12]: ([1.0, 1.0], 3.4326461875363225e-20, 6)

In [13]: nlp = ADNLPModel(x->(1 - x[1]1)72 + 100 * (x[2] - x[1]72)"2,
[-1.2; 1.0])
newton(nlp)

out[13]: ([1.0, 1.0], 3.4326461875363225e-20, 6)

In [14]: wusing CUTEst

nlp = CUTEstModel ("ROSENBR")
x, fx, iter = newton(nlp)
finalize(nlp)

x, fx, iter

out[14]: ([1.0, 1.0], 3.4326461875363225e-20, 6)



In

[15]:

Nem tudo sao flores

nlp = ADNLPModel(x->(1 - x[1])"2 + 100 * (x[2] - x[1]"2)"2,
newton(nlp) .
Base.LinAlg.PosDefException(1)

Stacktrace:

[1] chol!(::Array{Float64,2}, ::Type{LowerTriangular}) at ./linalg/cholesky.
jL1:59

[2] cholfact!(::Symmetric{Float64,Array{Float64,2}}, ::Type{Val{false}}) at
./linalg/cholesky.jl1:220

[3] cholfact(::Symmetric{Float64,Array{Float64,2}}) at ./linalg/cholesky.jl:3

46
[4] #newton#15(::Float64, ::Int64, ::Function, ::NLPModels.ADNLPModel) at ./I

n[11]:9
[5] newton(::NLPModels.ADNLPModel) at ./In[1l1l]:4
[6] include string(::String, ::String) at ./loading.jl:522

Oh nao, o método que fizemos em 20 segundos nao é capaz de resolver problemas nao
convexos. :(



Newton com regiao de confianca

Uma modificacao daideia:

Manter um raio A, > 0que indica confianca no modelo;

Encontrar dy, =~ argmin{mg(d) | ||d|| < Ax}

Se o decréscimo em f nao for suficiente, escolher A1 < Ay e manter
Lr+1 = Lk

Caso contrario, escolher Ag 1 > Ay eatualizar xy 1 = xp + di.

Agora o modelo m;, nao precisa ser convexo e temos convergéncia global.

Para encontrar d*, uma estratégia é utilizar o método de Steihaug, que € uma variacao do
Gradientes Conjugados. Um ponto importante é que esse método faz apenas produtos
entre a matriz Hessiana e vetores, nao utilizando fatoracao. Isso € bastante util em larga
escala.



Método de Steihaug

1
min EdTBd—FgTd ld]l < A.

* 20 =079 =gdo=—70
e Paraj=1,2,...
o Retornep, = z; + Tdpcom ||p.|| = A
T

o =
d7 Bd,

Zj+1 = Zj —|— Oéjdj
Se [|zj41]] = A

o Retornep, = z; + 7d;com||p.|| = A
’I“j_|_1 = ’I"j + Oédej
Se [rjll < ellroll

o Retornep, = z;1

T .
3 Tir1Tj+1
=

djt1 = —Tjt1 T Bi1d;



In [16]:

Out[l6e]:

In [17]:

Out[17]:

Jaimplementado no pacote Krylov

using Krylov
B=1[10 1; 1 2]; g =B * ones(2)
cg(B, g) # Bd = g

([1.0, 1.0],
Simple stats
solved: true
inconsistent: false
residuals: [ 1l.le+01 1.3e+00 5.5e-16 ]
Aresiduals: [ ]
status: solution good enough given atol and rtol

cg(B, g, radius=0.5)

([0.482382, 0.131559],
Simple stats
solved: true
inconsistent: false
residuals: [ 1.le+01 6.5e+00 ]
Aresiduals: [ ]
status: on trust-region boundary



In [18]: m(d) = 0.5 * dot(d, B*d) - dot(d, g)
A= dOt(grg) / dOt(gr B*g)
t = linspace(0, 2pi, 60)
anim = Animation()

for A = linspace(0.8, 1.7, 91)
contour(linspace(-0.5, 1.5, 100), linspace(-0.5, 1.5, 100),
(x,y)->m([x;y]), leg=false)
plot!(A * cos.(t), A * sin.(t), c=:green)

d = cg(B, g, radius=A)[1]
scatter! ([d[1]], [d[2]], c=:purple, ms=5)
xlims!(-0.2, 1.5)
ylims!(-0.2, 1.5)
frame(anim)
end
gif(anim, "exl.gif")

Out[18]:

12

0.9

0.3 0.& 0.9 12



In [19]:

Out[19]:

B=1[0.10.5; 0.5 1]; g =B * [1.0; 0.5]

m(d) = 0.5 * dot(d, B*d) - dot(d, g)

A = dot(g,g) / dot(g, B*g); t = linspace(0, 2pi, 60)
anlm = Animation()

for A = linspace(0.3, 2.0, 91)
contour(linspace(-1.5, 1.5, 100), linspace(-1.5, 2.0, 100),
(x,y)->m([x;y]), leg=false)
plot!(A * cos.(t), A * sin.(t), c=:green)

d = cg(B, g, radius=A)[1]
scatter! ([d[1]], [d[2]], c=:purple, ms=5)
xlims!(-1.5, 1.5)

, 2.0)

5

ylims!(-0.2
frame(anim)

end

gif(anim, "ex2.gif")

15

10

10 15



In [20]:

Out[20]:

In [21]:

Out[21]:

In [22]:

Out[22]:

O algoritmo, nesse caso, nio precisa da matriz V2 f(wk), apenas da transformacao

v V2 f(zp)v.

O pacote LinearOperators traz essa ferramenta, e o NLPModels faz uso dela.

using LinearOperators

T = LinearOperator(2, 2, true, # Simétrica?

true, # Hermitiana?

v -> [ 4v[1l] + v[2]; vI[1] + 2 * v[2]])
T * ones(2)

2-element Array{Float64,1}:
5.0
3.0

T' * ones(2)

2-element Array{Float64,1}:
5.0
3.0

full(T)

2x2 Array{Float64,2}:
4.0 1.0
1.0 2.0



In [23]: b =T * ones(2)
cg(T, b)

out[23y: ([1.0, 1.0],
Simple stats
solved: true
inconsistent: false
residuals: [ 5.8e+00 5.5e-01 7.9e-16 ]
Aresiduals: [ ]
status: solution good enough given atol and rtol



In [24]:

Out[24]:

In [25]:

Out[25]:

nlp = ADNLPModel(x->(1 - x[1])"2 + 100 * (x[2]
Hx = hess op(nlp, x)

Linear operator
nrow: 2
ncol: 2
eltype: Float64
symmetric: true
hermitian: true
prod: NLPModels.#84
tprod: Nullable{Function}()
ctprod: Nullable{Function}()

Hx * ones(2)

2-element Array{Float64,1}:
402.0
-200.0

- x[1]72)"2,

[-1.2;

1.01)



In [26]: function newton trust region(nlp::AbstractNLPModel; tol = le-6, max _iter = 10 00
0, n1 = le-2, n2 = 0.9, verbose=false)
X = nlp.meta.x0
f(x) = obj(nlp, x)
Vf(x) = grad(nlp, x)

iter = 0
A=1.0
while !(norm(Vf(x)) <= tol || iter > max iter)

Hx = hess op(nlp, x)

d = cg(Hx, -Vf(x), radius=A)[1]
p=(f(x +d) - f(x)) / (0.5 * dot(d, Hx * d) + dot(d, Vf(x)))
if p < M1

A /=2
else

if p > n2

A *= 2

end

X += d
end
iter += 1

end
return x, obj(nlp, x), iter
end

Oout[26]; hewton trust region (generic function with 1 method)



In [27]:

Out[27]:

In [28]:

Out[28]:

In [29]:

Out[29]:

nlp = CUTEstModel ("ROSENBR")
x, fx, iter = newton trust region(nlp)

finalize(nlp)
x, Tx, iter

([1.0, 0.999999], 1.

nlp = ADNLPModel (x->

7991048837427194e-13, 30)

(1 - x[1])"2 + 100 * (x[2] - x[1]"2)"2,

[0.0; 1.0])

newton trust region(

nlp)

([1.0, 1.0], 4.459420038980751e-15, 18)

nlp = CUTEstModel ("0
println("nvar = $(nl
@time x, fx, iter =
finalize(nlp)

x, Tx, iter

nvar = 100000

SCIGRAD")
p.meta.nvar)")
newton trust region(nlp)

6.363702 seconds (6.86 k allocations: 329.103 MiB, 0.57% gc time)

([-0.999857, 0.999929, 0.999964, 0.999982, 0.999991, 0.999996, 0.999998, 0.999

999, 0.999999, 1.0

19932813187e-24, 15)

1., 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0], 5.45



LBFGS com busca linear

Outra opcao, no lugar de fazer regiao de confianca, é usar uma aproximacao BFGS para a
Hessiana, calcular a direcao e fazer busca linear.

BFGS
(V2 f(zi)] ' = Hyor = (I — prspy?l ) Hi (I — pryst) + prsist,
onde
1
Sk = Ti1 — Tk, yr = Vf(zr1) — V(zp), Pr = —F-
St Yk

LBFGS: Guarda apenas uma quantidade finita.



O algoritmo fica

{ dp, = —HpVf(xy)

Tht1 Ty, + trdy

onde t;, é escolhido para que

f(CEk_H) < f(CL’k) + oztkd,:fo(mk)

A implementacdo do BFGS armazena apenas os valores si, Yi, € pg, € calcula o produto
H;.d de maneira eficiente. Além disso, apenas uma quantidade limitada de vetores é
armazenada, e vetores antigos dao lugar a novos.



In [30]:

Out[30]:

In [31]:

Out[31]:

# LinearOperators também ja tem esse operador
Hb = InverselLBFGSOperator(2)
Hb * ones(2)

2-element Array{Float64,1}:
1.0
1.0

S [1.0; 2.0]
y [-1.0; 4.0]
push! (Hb, s, vy)

Hb * ones(2)

2-element Array{Float64,1}:
2.46939
1.36735



In [32]: function bfgs busca linear(nlp::AbstractNLPModel; tol = le-6, max iter = 10 000,
a = le-2, verbose=false)
X = nlp meta.x0
f(x) = obj(nlp, x)
Vf(x) = grad(nlp, x)
Hx = InverselLBFGSOperator(length(x))

iter = 0
A=1.0
while !(norm(Vf(x)) <= tol || iter > max_ iter)
d = -Hx * Vf(x)
t=1.0
while !( f(x + t * d) < f(x) + o * t * dot(Vf(x), d) )
t /= 2
if t < le-12
return x, f(x), iter
end
end

y = Vf(x + t * d) - Vf(x)
X += 1t * d
push!(Hx, t * d, vy)
iter +=1
end
return x, f(x), iter
end

out[32]: bfgs _busca linear (generic function with 1 method)

In [33]: nlp = CUTEstModel("ROSENBR")
x, fx, iter = bfgs busca linear(nlp)
finalize(nlp)
x, Tx, iter

out[33]: ([1.0, 1.0], 3.676141960319036e-16, 35)



In [34]: problems = sort(CUTEst.select(max var=2, max_con=0, only free var=true))
mtds = [newton trust region, bfgs busca linear]
np = length(problems)
P = fill(-1, np, 2)
logfile = open("logfile.txt", "w")
for (i,p) in enumerate(problems)
@printf(logfile, "%12s", p)
nlp = CUTEstModel(p)
F = fill(Inf, length(mtds))
for (j,mtd) in enumerate(mtds)
try
x, fx, iter = mtd(nlp, max iter = 1000)
F[j] = fx
P[i,j] = sum counters(nlp)
@printf(logfile, " %10.2e %5d", fx, P[i,j])
catch
@printf(logfile, " %17s", "exception")
end
reset!(nlp)
end
finalize(nlp)
@printf(logfile, "\n")
fmin = minimum(F)
for j = 1l:length(mtds)
if '(F[j] < fmin + abs(fmin) * 0.1 + le-3)
P[i,j] = -1
end
end
end
close(logfile)



In [35]: for line in readlines("logfile.txt")

println(line)

end

AKIVA
BEALE
BOXBODLS
BRKMCC
BROWNBS
CLIFF
CUBE
DANWOODLS
DENSCHNA
DENSCHNB
DENSCHNC
DENSCHNF
DJTL
EXPFIT
HAIRY
HILBERTA
HIMMELBB
HIMMELBG
HIMMELBH
HUMPS
JENSMP
LOGHAIRY
MARATOSB
MEXHAT
MISRA1ALS
MISRA1BLS
MISRA1CLS
MISRA1DLS
POWELLBSLS
ROSENBR
S308
SINEVAL

AN, PP UOUDRAdANR,DPPOOORRFRFRWERFEFEFEFNNOONREFEFEFRAMAONORFREEO

.17e+00
.95e-16
.17e+03
.69e-01
.00e+00
.00e-01
.19e-17
.32e-03
.10e-23
.31e-15
.18e-20
.51e-22
.16e+03
.41e-01
.00e+01
.14e-30
.20e-20
.25e-19
.00e+00
.23e+02
.24e+02
.08e+00
.99e-01
.00e-02
.25e-01
.55e-02
.10e-02
.64e-02
.14e-07
.80e-13
.73e-01
.97e-20

50
58
241
26
256
196
330
74
50
42
82
50
7993
101
743
24
97
55
31
7631
82
7609
8008
402
349
224
7031
156
541
242
90
526

NYNywouRRdNRrPRARPRFRPRFRERERRERRUDUONNOWRREREEREAONWERE OO

-Inf

.64e-19
.77e+03
.69e-01
.67e-27
.00e-01
.02e-21
.32e-03
.51le-13
.24e-13
.83e-01
.90e-20
.95e+03
.41e-01
.00e+01
.23e-15
.92e-20
.23e-14
.00e+00
.16e-12
.24e+02
.82e-01
.00e+00
.00e-02
.25e-01
.55e-02
.10e-02
.64e-02
.47e-26
.68e-16
.73e-01
.88e-18

130
131
32
66
397
293
341
310
67
60
118
172
8810
136
262
44
120
81
57
513
624
2179
13306
1531
1134
883
767
599
2718
316
113
735



In [36]:

In [37]:

Out[37]:

using BenchmarkProfiles

BenchmarkProfiles.performance profile(P, string. (mtds))

—— newton_trust_region
100 | —— bfgs_busca_linear
I I
I I
wn
=
2 075
e
2
o
[T
o
c 050
2
t
o
o
2
Q- 025

0.00 . . .
0 1 2 3

Within this factor of the best (log scale)



Métodos Implementados

O pacote Optimize.jl tem alguns métodos implementados e tem o objetivo de ter um
método para cada tipo de problema com implementacao de alta qualidade.

e trunk: Newton com regido de confianca para minimizacao irrestrita
e lbfgs: L-BFGS com busca linear para minimizacao irrestrita
e tron: Pontos interiores para minimizacao em caixa



In [38]:

Out[38]:

In [39]:

Out[39]:

In [40]:

Out[40]:

using Optimize

nlp = CUTEstModel("ROSENBR")
trunk(nlp)

([0.999773, 0.999545], 5.170179585068469e-8, 0.00020328781949276664, 21, true,

false, "first-order stationary")

lbfgs(nlp)

([1.0, 1.0], 1.8247316356946387e-13, 1.8254550934225343e-5, 38, true, false,

"first-order stationary")

tron(nlp)

([1.0, 1.0], 6.124055167140299e-15, 8.910006689729259e-8, 25, true, false,
rst-order stationary", 0.7559289932250977)

"fi



In [42]:

Out[42]:

ps = sort(CUTEst.select(max var=2, max con=0, only free var=true))
problems = (CUTEstModel(p) for p in ps)

mtds = [trunk, lbfgs, tron]

stats, p = bmark and profile(mtds, problems)

Y
100 |
I I
v
E
QL 075 |
0
o
[=
[T
o
C 050 F
=
o
o
(=
£
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8
Within this factor of the best (log scale)



Projetos Futuros

e |Implementacao de outros solvers em larga escala;
e Usodo JSO em projetos
= Otimizacao de Parametros
= Métodos sem derivada para quadrados minimos nao-lineares



Obrigado



