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Problem

minimize f(x) = 1
2‖F (x)‖2

subject to c(x) = 0,

` ≤ x ≤ u,
(CNLS)

where F : Rn → RnE and c : Rn → Rm are C2.
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Problem

minimize f(x) = 1
2‖F (x)‖2

subject to c(x) = 0,

x ≥ 0,

(CNLS)

where F : Rn → RnE and c : Rn → Rm are C2.
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Friedlander and Orban [5] primal-dual exact regularization

Quadratic programming primal

minimize 1
2x

TQx+ cTx

+ 1
2ρ‖x− xk‖

2 + 1
2δ‖r + yk‖2

subject to Ax = b, x ≥ 0.
(QP)

Dual of (QP)

maximize bT y − 1
2x

TQx

− 1
2δ‖y − yk‖

2 − 1
2ρ‖s+ xk‖2

subject to −Qx+AT y + z = c, z ≥ 0.
(QD)
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Friedlander and Orban [5] primal-dual exact regularization

Regularized quadratic programming primal

minimize 1
2x

TQx+ cTx + 1
2ρ‖x− xk‖

2 + 1
2δ‖r + yk‖2

subject to Ax + δr = b, x ≥ 0.
(RP)

Regularized dual of (QP) - similar to dual of (RP)

maximize bT y − 1
2x

TQx − 1
2δ‖y − yk‖

2 − 1
2ρ‖s+ xk‖2

subject to −Qx+AT y + z − ρs = c, z ≥ 0.
(RD)
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Arreckx and Orban [2]

minimize f(x) + 1
2ρ‖x− xk‖

2 + 1
2δ‖u+ yk‖2

subject to c(x) + δu = 0.
(1)

Dehghani et al. [3]

minimize cTx+ 1
2‖Cx− d‖

2 + 1
2ρ‖x− xk‖

2 + 1
2δ‖u+ yk‖2

subject to Ax + δu = b, x ≥ 0.
(2)
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Regularization of (CNLS)

minimize 1
2‖F (x)‖2 + 1

2ρ‖x− xk‖
2 + 1

2δ‖u+ yk‖2

subject to c(x) + δu = 0,

x ≥ 0.
(3)
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Regularization of (CNLS)

minimize 1
2‖r‖

2 + 1
2ρ‖x− xk‖

2 + 1
2δ‖u+ yk‖2

subject to F (x)− r = 0

c(x) + δu = 0,

x ≥ 0.

(3)
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KKT

ρ(x− xk)−A(x)Twr −B(x)T y − z = 0

r + wr = 0

δ(u+ yk)− δy = 0

F (x)− r = 0

c(x) + δu = 0

Xz = 0

(x, z) ≥ 0

A(x) = ∇F (x), B(x) = ∇c(x).
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KKT

ρ(x− xk) +A(x)T r −B(x)T y − z = 0

F (x)− r = 0

c(x) + δ(y − yk) = 0

Xz = 0

(x, z) ≥ 0

A(x) = ∇F (x), B(x) = ∇c(x).
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KKT

Gk(x, r, y, z) =


ρ(x− xk) +A(x)T r −B(x)T y − z

F (x)− r
c(x) + δ(y − yk)

Xz

 .

wk = (xk, rk, λk, zk) ∆w = (∆xk,∆rk,∆λk,∆zk)
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KKT

Gk(x, r, y, z︸ ︷︷ ︸
w

) =


ρ(x− xk) +A(x)T r −B(x)T y − z

F (x)− r
c(x) + δ(y − yk)

Xz

 .

wk = (xk, rk, λk, zk) ∆w = (∆xk,∆rk,∆λk,∆zk)
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KKT

Gk(wk) =


ATk rk −BTk yk − zk

F (xk)− rk
c(xk)

Xkzk

 .
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KKT

JGk
(wk) =


Hk ATk −BTk −I
Ak −I 0 0

Bk 0 δI 0

Zk 0 0 Xk


Hk = ρI +

nE∑
i=1

∇2Fi(xk)(rk)i −
m∑
i=1

∇2ci(xk)(yk)i.
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Newton interior point step

JGk
(wk)∆w = −Gk(wk) + µkẽ

ẽT = (0, 0, 0, eT )
Hk ATk −BTk −I
Ak −I 0 0

Bk 0 δI 0

Zk 0 0 Xk




∆x

∆r

∆y

∆z

 =


zk −ATk rk +BTk yk

rk − F (xk)

−c(xk)

µke−Xkzk
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Symmetric Quasi-Definite systems

Symmetric Quasi-Definite: K is SQD if there is some permutation matrix P such that

PTKP =

[
M AT

A −N

]
,

where M and N are symmetric positive definite.
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Symmetric Quasi-Definite systems

Theorem (Vanderbei [10])

An SQD matrix is strongly factorizable, that is, if K is SQD, then for any permutation matrix

P , there are matrices L and D such that

PTKP = LDLT ,

where L is lower triangular with unit diagonal and D is diagonal.
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Symmetric Quasi-Definite systems


Hk ATk BTk −Z1/2

k

Ak −I 0 0

Bk 0 −δI 0

−Z1/2
k 0 0 −Xk




∆x

∆r

−∆y

Z
−1/2
k ∆z

 =


zk −ATk rk +BTk yk

rk − F (xk)

−c(xk)

Z
1/2
k xk − µkZ−1/2k e
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Symmetric Quasi-Definite systems


Hk +X−1k Zk ATk BTk

Ak −I 0

Bk 0 −δI




∆x

∆r

−∆y

 =


µkX

−1
k e−ATk rk +BTk yk

rk − F (xk)

−c(xk)
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Framework of Armand et al. [1]
k-th iteration

1: Choose µ+
k > 0 and τk ∈ (0, 1).

2: Compute ∆wk, solution of

JGk
(wk)∆wk +Gk(wk)− µ+

k ẽ = 0.

3: Compute αk as the largest α ∈ (0, 1] such that

(xk + α∆xk, zk + α∆zk) ≥ (1− τk)(xk, zk).

4: Choose ak = (axk, a
r
k, a

λ
k , a

z
k) ∈ [αk, 1]N such that

{
xk + axk. ∗∆xk > 0

zk + azk. ∗∆zk > 0.

5: Set µ̂k = µk + αk(µ+
k − µk) and ŵk = wk + ak. ∗∆wk.
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6: Choose µk+1 between µ+
k and µ̂k, and choose εk > 0.

7: if ‖Gk+1(ŵk)− µk+1ẽ‖ ≤ θ‖Gk(wk)− µkẽ‖+ εk then
8: wk+1 = ŵk,

9: else
10: Perform inner iterations with barrier parameter µk+1 to identify wk+1 such that

(xk+1, zk+1) > 0 and ‖Gk+1(wk+1)− µk+1ẽ‖ ≤ θ‖Gk(wk)− µkẽ‖+ εk.

11: end if
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Global convergence

Assumptions
A1 The sequences {Hk}, {Ak} and {Bk} are bounded.

A2 δk = Ω(µk).

A3 The matrices Hk +X−1k Zk + ρkI +
1

δk
ATkAk +BTk Bk are uniformly positive definite for

k ∈ N.

A4 The sequences {µ+
k } and {µk} satisfy lim sup

k→∞

µ+
k

µk
< 1.

A5 The inner iteration are globally convergent, i.e., we can always find wk+1.
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Global convergence

Theorem (3.1 of Armand et al. [1], adjusted to our problem)

Assume A1-A5, that {τk} is bounded away from zero, and εk → 0. Then the algorithm

generates a sequence {wk} such that {µk} and {Gk(wk)} converge to zero.
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Implementation

• Implemented in Julia with the JuliaSmoothOptimizers [7] tools;

• Regularization update following Wächter and Biegler [11];

• System solved with LDL factorization;

• Approximation of the Hessian using Dennis et al. [4];

• Inner iterations consist of line search on Merit Function

ψ(x, r, λ; η) =
1

2
‖r‖2 − µ

n∑
i=1

lnxi +
ρ

2
‖x− xk‖2 +

δ

2
‖λ‖2+

+ η
[
‖c(x) + δ(λ− λk)‖1 + ‖F (x)− r‖1

]
.
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Comparison

• Preliminary results;

• Comparison against NLPLSQ [8, 9], which uses similar approach;

• Compared with 286 problems from NLSProblems (part of [7]) and CUTEst [6] NLS

problems;

• 191 problems are unconstrained;

• 17 problems are only bounded;

• 43 problems have only equality constraints;

• 35 problems are more general;
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Comparison
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Comparison
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Future work

• Factorization-free implementation;

• Extension for f(x) = g(x) + 1
2‖F (x)‖2;

• Large scale application.
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Thank you!

https://JuliaSmoothOptimizers.github.io

https://JuliaSmoothOptimizers.github.io
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